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CAPITAL ALLOCATION UNDER
THE FUNDAMENTAL REVIEW OF TRADING BOOK
LUTING LI AND HAO XING
Abstract. Facing the FRTB, banks need to allocate their capital to each business units
or risk positions to evaluate the capital efficiency of their strategies. This paper proposes
two computationally efficient allocation methods which are weighted according to liquidity
horizon. Both methods provide more stable and less negative allocations under the FRTB
than under the current regulatory framework.
Keywords: Asset allocation, Capital requirement, Risk management
1. Introduction
The Fundamental Review of Trading Book (FRTB) [8, 10] is a revised global risk man-
agement framework which aims to address shortcomings of the Basel II and its current
amendments [6]. The FRTB sets out revised standards for minimum capital requirements
for market risk and shifts from Value-at-Risk (VaR) to an Expected Shortfall (ES) measure.
In the new Internal Model Approach (IMA), tail risk and liquidity risk are considered
and the capital-reducing effects of hedging are constrained. As a result, bank’s global cap-
ital charge is facing significant changes.1 It therefore becomes increasingly important for
banks to re-evaluate the capital efficiency of their business structure. The first step of re-
evaluation is to allocate firm-wide capital to each business unit or even each risk position. On
the other hand, calculating the ES-based FRTB capital charge is computationally more de-
manding than calculating VaR under the current practice. Thus, in order to meet various risk
management needs, new allocation methodology should be developed in a computationally
efficient way.
We propose in this paper two allocation methods for the capital charge under the FRTB
IMA. We focus on the risk factor and liquidity horizon bucketing, the liquidity horizon
adjustment, and the stress period scaling, which are three main features of the FRTB. We
highlight implications of these three features on capital allocation of modellable risk factor
Date: January 16, 2019.
1In the industry Quantitative Impact Study (QIS-2014) [7], 44 banks report an average of 54% increase
of capital charge under the new IMA. In the QIS-2016 [9], 89 banks (including 71 Group1/G-SIBs banks
and 18 Group 2 banks) report weighted average overall increases under the FRTB (IMA and SBA) by 51.7%
(51.4% for Group 1/G-SIBs and 106.0% for Group 2 banks) in market risk MRC.
1
ar
X
iv
:1
80
1.
07
35
8v
2 
 [q
-fi
n.R
M
]  
14
 Ja
n 2
01
9
CAPITAL ALLOCATION UNDER THE FRTB 2
capital charge.2 Both allocation methods consist of two stages. In the first stage, the FRTB
capital charge is allocated to different bucket of liquidity horizons and risk factors. Then, in
the second stage, allocations in different buckets are decomposed, realigned, and aggregated
again.
In the first allocation method, we examine the Euler allocation principle under the FRTB
framework. The Euler allocation principle has been studied extensively. Tasche [12] proves
that the Euler allocation provides signal to optimise firm’s portfolio return on risk-adjusted
capital. Denault [2] provides axiomatic characterisations of the Euler allocation. When the
Euler allocation principle is applied under the FRTB framework, we show that the resulting
allocation to each risk factor and liquidity horizon bucket is a scaled version of the standard
Euler allocation. This scaling factor depends on the stand-alone ES of this bucket and the
total FRTB ES of the same risk factor category. Our second allocation method is motivated
by the constrained Aumann-Shapley allocation by Li et al. [4]. Applying the Aumann-
Shapley allocation to each risk factor category, we reduce the resulting allocation to another
scaled version of the standard Euler allocation, where the scaling factor depends on the
stand-alone ES of this bucket and its induced increment of FRTB ES. These two allocation
methods are further extended, where the impact of additional risk positions on the stress
period scaling factor is incorporated. Reducing the new allocation methods to the standard
Euler allocation ensures computational efficiency. The same scenario extraction method can
be used to compute the standard Euler allocation, without any revaluation of capital charges.
We illustrated our allocation methods via three groups of simulation analysis. Our analysis
shows that risk factors with longer liquidity horizons are allocated with a larger proportion
of the total FRTB capital charge. Secondly, negative allocations, resulting from hedging
positions, in the Euler allocation of the standard ES are largely reduced or even reversed.
Hedging between the different risk factor and liquidity horizon buckets rarely leads to negative
allocations under the FRTB. Meanwhile hedging positions within the same bucket could still
lead to negative allocations. However, magnitude of negative allocation to the same hedging
position is much less in the FRTB than in the framework where the standard ES is evaluated
on unconstrained P&L. Moreover, both allocation methods under the FRTB produce less
2Capital charge under the FRTB IMA also incorporates the capital requirement for the non-modellable
risk factors (NMRF) and the default risk charge (DRC). The NMRF capital charge is calculated as√∑L
i=1 ISES
2
NM,i +
∑K
j=1 SESNM,j in [8, Paragraph 190]. (An additional term related to the equity id-
iosyncratic risk is proposed in [10]. This additional term is similar to the first term in the previous formula.)
The first term in the previous formula corresponds to NMRFs with 0 correlation. Its allocation can be
derived similarly as Lemmas 3.2 and 3.7 later. Allocation to the j-th NMRF from the second term in the
previous formula can be SESNM,j itself. Because [8] proposes to evaluate the DRC using a VaR framework,
its allocation can be obtained using the existing Euler allocation.
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dispersive allocations across different buckets than the Euler allocation of the standard ES.
Therefore, both methods produce more stable allocations than the standard Euler allocation
of the ES. Finally, our third simulation analysis demonstrates that allocation under the
FRTB is sensitive to the choice of the reduced set of risk factors.
The rest of the paper is organised as follows: Section 2 introduces the expected shortfall
measure under the FRTB and investigates its homogeneity and sub-additivity properties. Al-
location methods and their extensions are introduced in Section 3, followed by the simulation
analysis in Section 4.
2. FRTB expected shortfall
2.1. Risk factor and liquidity horizon bucketing. Under the FRTB IMA framework,
the P&L of a risk position is attributed to risk factors (RF) of five different categories
{RFi : 1 ≤ i ≤ 5} = {CM,CR,EQ,FX, IR}.
Each risk factor in the each category is assigned with a liquidity horizon (LH) with lengths
{LHj : 1 ≤ j ≤ 5} = {10, 20, 40, 60, 120}.
Directly observable and frequently updated prices have shorter liquidity horizons. Risk
factors associated to illiquid products and quantities which are calculated from direct obser-
vations typically have longer liquidity horizons. A table of liquidity horizons of various risk
factors is presented in [8, Paragraph 181 (k)].
We call negative of the P&L of a risk position the loss of this risk position. The sign
convention that positive value indicates the magnitude of loss will be employed throughout
this paper. For a risk position n, 1 ≤ n ≤ N , we denote the constrained 10-day loss of
this position by a 5 × 5 matrix X˜n = {X˜n(i, j)}1≤i,j≤5, where X˜n(i, j) is a random variable
representing potential loss attributed to risk factors in RFi with the liquidity horizon LHj.
Netting among all RF and LH buckets, the 10-day loss of this position would be
∑
i,j X˜n(i, j).
Now define the liquidity horizon adjusted loss as
Xn(i, j) =
√
LHj − LHj−1
10
5∑
k=j
X˜n(i, k), 1 ≤ i, j ≤ 5, (1)
where LH0 = 0. Considering the sum of losses attributed to all risk factors in the category
RFi with liquidity horizons at least as long as LHj, and scaling the sum by the factor√
LHj−LHj−1
10
, we obtain Xn(i, j). We record the liquidity horizon adjusted bucketing of the
risk position n by a 5× 5 matrix Xn = {Xn(i, j)}1≤i,j≤5. We call the matrix Xn as the risk
profile of the position n. Summing up all {Xn}1≤n≤N , component-wise, we get the net risk
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profile of the portfolio
X =
∑
n
Xn, (2)
each component of X is a random variable representing the net portfolio loss attributed to
the bucket (i, j).
The FRTB ES for the portfolio loss attributed to RFi is defined in [8, Paragraph 181 (c)]
as
ES(X(i)) =
√√√√ 5∑
j=1
ES(X(i, j))2, (3)
where each ES(X(i, j)) is the expected shortfall of X(i, j) calculated at the 97.5% quantile.
Example 2.1. Consider a risk position whose loss is attributed only to RFi on LH5 = 120.
Then X˜(i, j) = 0 for any j = 1, . . . , 4. Assume that the 10 days loss X˜(i, 5) is normally
distributed with zero mean and standard deviation σ. Then the loss over 120 days is normally
distributed with zero mean and standard deviation
√
120/10σ, hence its expected shortfall
is
√
120/10σES(N(0, 1)), where ES(N(0, 1)) is the expected shortfall at the 97.5% quantile
of the standard normal distribution. On the other hand, if we calculate expected shortfall
of the 120 days loss via (3), we obtain the same expression. Indeed, note that X(i, j) =√
LHj−LHj−1
10
X˜(i, 5), for 1 ≤ j ≤ 5. Then
ES(X(i)) =
√√√√ 5∑
j=1
LHj − LHj−1
10
ES(X˜(i, 5))2 =
√
120
10
ES(N(0, σ)) =
√
120
10
σES(N(0, 1)).
Remark 2.2. It is not required in [8, Paragraph 181] to floor each ES(i, j) at zero. This
means that negative X(i, j) would lead to positive contribution in the risk measure ES(X(i)).
Therefore, we suggest to floor each ES(X(i, j)) at zero, and introduce
ES+(X(i)) =
√√√√ 5∑
j=1
max{ES(X(i, j)), 0}2. (4)
Our allocation methods introduced later can be applied to both ES(X(i)) and ES+(X(i)).
2.2. Stress period scaling and capital charge. Besides the liquidity horizen adjustment,
the FRTB introduces a scaling factor based on stress periods. For each risk factor category,
calculate ES(X(i)) in (3) based on the current (most recent) 12-month observation period
with a full set of risk factors which are relevant to the risk position, and denote this risk
measure as ESF,C(X(i)). Then identify a reduced set of risk factors, calculate its associated
ES(X(i)) over the same period, and denote it as ESR,C(X(i)). It is required that the reduced
set of risk factors is large enough so that ESR,C(X(i)) is at least 75% of ESF,C(X(i)). Sub-
sequently, identify a 12-month stress period in which the portfolio experiences the largest
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loss, calculate ES(X(i)) with the reduced set of risk factors but use the observations from
the stress period, and denote this risk measure as ESR,S(X(i)). FRTB IMA introduces the
following expected shortfall capital charge (see [8, Paragraph 181 (d)]):
IMCC(X(i)) =
ESR,S(X(i))
ESR,C(X(i))
ESF,C(X(i)), 1 ≤ i ≤ 5. (5)
To consider the unconstrained portfolio, we define
Xn(6, j) =
5∑
i=1
Xn(i, j), 1 ≤ j ≤ 5,
which represents the net loss attributed to all risk factors from different categories but with
the same liquidity horizon. We add Xn(6, ·) as the 6-th row in the risk profile and name the
new 6× 5 matrix Xn the extended risk profile for the position n. Extending the risk profile
of a portfolio similarly, we calculate IMCC(X(6)) as (3) and (5) with i = 6.
Now we are ready to introduce the capital charge for modellable risk factors under the
FRTB IMA (see [8, Paragraph 189]).
Definition 2.3. The aggregate capital charge for modellable risk factors is a weighted sum
of the constrained and unconstrained expected shortfall charges:
IMCC(X) = ρ IMCC(X(6)) + (1− ρ)
5∑
i=1
IMCC(X(i)), (6)
where the relative weight ρ is set to be 0.5.
2.3. Properties of IMCC.
Lemma 2.4. For any constant a ≥ 0 and risk profiles X and Y , the following statements
hold:
(i) (Positive homogeneity) IMCC(aX) = a IMCC(X).
(ii) (Sub-additivity for ES) For i = 1, . . . , 6, if ES((X + Y )(i, j)) ≥ 0 for any j, then
ES((X + Y )(i)) ≤ ES(X(i)) + ES(Y (i)). (7)
(iii) (Sub-additivity for IMCC) For any i = 1, . . . , 6, if
ESR,S((X + Y )(i))
ESR,C((X + Y )(i))
≤ min
{ESR,S(X(i))
ESR,C(X(i))
,
ESR,S(Y (i))
ESR,C(Y (i))
}
, (8)
and ESF,C((X + Y )(i, j)) ≥ 0 for any j, then
IMCC((X + Y )(i)) ≤ IMCC(X(i)) + IMCC(Y (i)). (9)
Items (ii) and (iii) in the previous lemma present the sub-additivity property for the ES
and IMCC capital charges under conditions (7) and (8). Without these conditions, the
following examples show that the sub-additivity property may not hold.
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Example 2.5. Consider two risk positions whose losses concentrate on RFi and LHj. X(i, j)
has a Bernoulli distribution with P(X(i, j) = −1) = P(X(i, j) = 0) = 0.5, and Y (i, j) =
−1−X(i, j). Hence P((X + Y )(i, j) = −1) = 1. Then ES(X(i)) = ES(Y (i)) = 0, but
ES((X + Y )(i)) =
∣∣ES((X + Y )(i, j))∣∣ = | − 1| = 1 > ES(X(i)) + ES(Y (i)).
However, if the expected shortfall is floored at zero as in Remark 2.2, then the sub-additivity
property for ES and IMCC holds without the positivity assumption ES((X + Y )(i, j)) ≥ 0
for all j.
Example 2.6. We consider two risk positions whose losses concentrate on RFi and LHj.
Assume that X(i, j) and Y (i, j) are i.i.d. standard normal, moreover, the losses attributed
to reduced sets account for 75% and 100%, respectively, of the standard deviations of the
losses on full sets. Hence
ESR,C(X(i)) = 0.75ESF,C(X(i)), ESR,C(Y (i)) = ESF,C(Y (i)).
Under stress scenarios, we assume that X(i, j) and Y (i, j) have independent normal distri-
butions, but their standard deviations are scaled up by 1.2 and 9, respectively, of their values
under current period. Then
min
{ESR,S(X(i))
ESR,C(X(i))
,
ESR,S(Y (i))
ESR,C(Y (i))
}
= min
{
1.2, 9
}
= 1.2.
For the aggregated portfolio, the standard deviation of X(i, j)+Y (i, j) attributed to the full
set is
√
2, and
√
0.752 + 1 = 1.25 to the reduced set. Under the stress scenarios, the standard
deviation of X(i, j) + Y (i, j) attributed to the reduced set becomes
√
(0.75× 1.2)2 + 92 ≈
9.04. Hence
ESR,S((X + Y )(i))
ESR,C((X + Y )(i))
=
9.04
1.25
= 7.23 > 1.2.
Therefore, the condition (8) is violated. Now we have
IMCC((X + Y )(i)) =
ESR,S((X + Y )(i))
ESR,C((X + Y )(i))
ESF,C((X + Y )(i))
= 7.23×
√
2ES(N(0, 1)).
On the other hand, comparing with the sum of two IMCCs that
IMCC(X(i)) + IMCC(Y (i)) =
ESR,S(X(i))
ESR,C(X(i))
ESF,C(X(i)) +
ESR,S(Y (i))
ESR,C(Y (i))
ESF,C(Y (i))
= (1.2 + 9)ES(N(0, 1)),
we find
7.23×
√
2 = 10.22 > 10.20.
Hence (9) fails.
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3. Capital allocation
We introduce in this section several methods to allocate the aggregated capital charge
IMCC to different components of a portfolio. All allocation methods have two steps. Given
a risk measure RM and an extended portfolio risk profile X, the first step allocates capital
to each bucket Xn(i, j). Denote the allocation to Xn(i, j) from the total capital RM(X) by
RM(Xn(i, j)|X).
Recall from (1) that Xn(i, j) is aggregated from X˜n(i, k) with k ≥ j. In the second step, we
reverse the liquidity horizon adjustment to further allocate RM(Xn(i, j)|X) to X˜n(i, k) and
denote the resulting allocations by
RM(X˜n(i, k)|Xn(i, j)), k ≥ j.
Finally, we sum up all contributions from Xn(i, j) with j ≤ k to obtain the allocation for
X˜n(i, k):
RM(X˜n(i, k)|X) =
k∑
j=1
RM(Xn(i, k)|Xn(i, j)). (10)
In all methods, the second step is the same, we will focus on the first step in what follows.
3.1. Euler allocation. Euler allocation has been studied extensively; see [5], [12], [2], [13],
and many others. We introduce in this section a computationally efficient scheme for Euler
allocation of the IMCC.
For each RFi, we first allocate ES(X(i)) in (3) to each Xn(i, j). Let us introduce some
notation. Let v = (vn)1≤n≤N be a sequence of real numbers as weights. Given a collection of
risk profiles {Xn}1≤n≤N , denote
Xv,j(i) =
∑
n
Xvn,jn (i), (11)
where the sum is computed component-wise and
Xvn,jn (i) =
(
Xn(i, 1), · · · , Xn(i, j − 1), vnXn(i, j), Xn(i, j + 1), · · · , Xn(i, 5)
)
,
i.e. the weight vn is put on Xn(i, j) but unit weight is put on all other LHs. For each RFi,
we define the allocation to each Xn(i, j) as follows.
Definition 3.1 (Euler allocation of FRTB ES). For 1 ≤ n ≤ N, 1 ≤ i ≤ 6, 1 ≤ j ≤ 5, let
ES(Xn(i, j) |X(i)) := ∂
∂vn
ES(Xv,j(i))
∣∣∣
v=1
, (12)
where ES(Xv,j(i)) is the FRTB ES of the row Xv,j(i) in (11), and v = 1 represents vn = 1
for all n. We call ES(Xn(i, j) |X(i)) the Euler allocation of FRTB ES.
The chain rule in differentiation yields the following representation.
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Lemma 3.2. For 1 ≤ n ≤ N, 1 ≤ i ≤ 6, 1 ≤ j ≤ 5,
ES(Xn(i, j) |X(i)) = ES(X(i, j))
ES(X(i))
∂
∂vn
ES
(
Xv(i, j)
)∣∣∣
v=1
, (13)
where Xv(i, j) =
∑
n vnXn(i, j).
Note that ∂vnES(X
v(i, j))
∣∣
v=1
in (13) is the standard Euler allocation of ES(X(i, j)). Then
the Euler allocation under FRTB ES is the weighted version of the standard Euler allocation.
The scaling factor ES(X(i,j))
ES(X(i))
reflects the ratio between the stand-alone ES of X(i, j) and the
FRTB ES of X(i). This scaling factor is applied to all risk positions of the same liquidity
horizon.
When the distribution of X(i, j) satisfies certain regularity conditions (cf. [12, Assumption
(S)]), then the standard Euler allocation can be calculated as a conditional expectation (cf.
[12]):
∂
∂vn
ES
(
Xv(i, j)
)∣∣∣
v=1
= E
[
Xn(i, j) |X(i, j) ≥ VaR(X(i, j))
]
=: SE
(
Xn(i, j) |X(i, j)
)
, (14)
where VaR(X(i, j)) is the Value-at-Risk of X(i, j) calculated at the 97.5% quantile. The
conditional expectation above can be calculated by the scenario-extraction method and hence
is denoted by SE
(
Xn(i, j) |X(i, j)
)
. Applying the scaled scenario-extraction method to (13)
is also computationally efficient. Rather than calculating the element-wise derivative in (12)
using a numeric differential scheme
∂
∂vn(i, j)
ES(Xv(i))
∣∣∣
v=1
= lim
↓0
1

(
ES
(
X(i) + Xn(i, j)
)− ES(X(i))),
which typically requires revaluation on the bumps for each position, the scenario-extraction
method calculates the conditional expectation by averaging Xn(i, j) on scenarios when the
portfolio loss X(i, j) violates VaR(X(i, j)).
After applying the Euler allocation to the FRTB ES under full set of risk factors, and
scaling the allocations by the stress period scaling factor, we have the following allocation to
the IMCC capital charge.
Definition 3.3 (Euler allocation of IMCC). For 1 ≤ n ≤ N, 1 ≤ i ≤ 6, 1 ≤ j ≤ 5, let
IMCCE(Xn(i, j) |X(i)) := 0.5 ES
R,S(X(i))
ESR,C(X(i))
ESF,C
(
Xn(i, j) |X(i)
)
. (15)
We call IMCCE(Xn(i, j) |X(i)) the Euler allocation of IMCC. For the risk profile Xn of the
risk position n, we define its Euler allocation as
IMCCE(Xn |X) =
∑
i,j
IMCCE
(
Xn(i, j) |X(i)
)
.
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Proposition 3.4. The Euler allocation of IMCC is a full allocation, i.e.,∑
n
IMCCE(Xn |X) =
∑
n,i,j
IMCCE
(
Xn(i, j) |X(i)
)
= IMCC(X).
Remark 3.5. If the expected shortfall for Xv(i, j) is floored at zero as in Remark 2.2, (13)
can be replaced by
ES+(Xn(i, j) |X(i)) =
{
ES+(X(i,j))
ES+(X(i))
SE
(
Xn(i, j) |X(i, j)
)
if ES(X(i, j)) > 0
0 otherwise
.
The resulting Euler allocation of IMCC is still a full allocation, since ES+ is still homogeneous
of degree 1.
When a portfolio contains sub-portfolios which hedge each other, the standard Euler al-
location under expected shortfall could produce negative allocations to some sub-portfolios.
Because the FRTB ES discourages hedging across different risk factor classes and different
liquidity horizons, negative allocations could be reduced or reversed under the FRTB. The
following example illustrates this point.
Example 3.6. Consider a portfolio with two risk positions whose risk profiles are denoted by
Y and Z, respectively. We assume that Y concentrates on RFi and LHj, and Z concentrates
on RFk and LHj, with 1 ≤ i 6= k ≤ 5. Therefore, the matrix-valued random variables Y and
Z concentrate on their (i, j)-th and (k, j)-th components Y (i, j) and Z(k, j), respectively. We
consider a hypothetical situation that Y (i, j) = −Z(k, j) and both of them follow standard
normal distributions. Then the net loss of the portfolio X is zero, and the standard Euler
allocation of ES would be negative for either Y (i, j) or Z(k, j), say SE(Y (i, j)|X) < 0.
However, under the FRTB framework, X(i) = Y (i, j) and X(k) = Z(k, j). Then
IMCCE
(
Y (i, j) |X(i)) = 0.5 ESR,S(Y (i, j))
ESR,C(Y (i, j))
ESF,C(Y (i, j)|X(i))
= 0.5
ESR,S(X(i))
ESR,C(X(i))
ESF,C(X(i)) > 0.
In a more realistic situation, Y and Z are unlikely cancelling each other, but a sufficiently
negative correlation introduces negative allocations in the standard Euler allocation. Under
the FRTB framework, since they are associated to different risk factor classes, allocations to
each constrained classes are always positive. These positive allocations would compensate
potential negative allocations in the unconstrained classes. Therefore, IMCCE(Y |X) could
be less negative, or even positive.
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3.2. Constrained Aumann-Shapley allocation. The Shapley and Aumann-Shapley al-
locations were introduced in [2], where the results of [11] and [1] on coalitional games were
applied to capital allocation problems. The concepts in those two allocations were combined
in [4] to introduce the Constrained Aumann-Shapley allocation, where permutations of differ-
ent risk positions are restricted to each business unit. In the FRTB IMA framework, the risk
factor bucketing rule produces a natural constraint on risk profile organisations. Therefore
we constrain the Shapley-type permutations within each RF classes.
We introduce the following full permutation matrix:
L :=

10 20 40 60 120
10 20 40 120 60
...
...
. . .
...
...
120 60 40 20 10

5!×5
.
Each row of L records a permutation of liquidity horizons {10, 20, 40, 60, 120}. There are
5! = 120 permutations in total. For a given row r and a liquidity horizon LHj, we denote
L−1(r, j) the column of L in which LHj locates. For example, L−1(2, 5) = 4, or equivalently,
L(2, 4) = LH5 = 120.
Given a risk profile Xn, a risk factor category RFi, a liquidity horizon LHj, and a permuta-
tion of liquidity horizons (say r-th row in L). We want to first allocate ES(X(i)) to Xn(i, j).
We call this allocation as the Constrained Aumann-Shapley (CAS) allocation of FRTB ES,
and denote it as
CAS(r,Xn(i, j)).
To introduce the value of CAS(r,Xn(i, j)), let v = (vn)1≤n≤N be a sequence of real numbers
representing weights and
Xv,r,j(i) =
∑
n
Xv,r,jn (i), (16)
where Xv,r,jn (i) is a row with the entry Xn(i, `) at the `-th column if L−1(i, `) < L−1(i, j)
(i.e., LH` appears before LHj in the permutation r); the entry vnXn(i, j) at the j-th column;
and zero in all other columns. Taking the second row in matrix L as an example, for j = 5
we have
Xv,2,5n (i) =
(
Xn(i, 1), Xn(i, 2), Xn(i, 3), 0, vnXn(i, 5)).
Then define
CAS(r,Xn(i, j)) :=
∫ 1
0
∂
∂vn
ES(Xv,r,j(i))
∣∣∣
v=q
dq,
where v = q means vn = q for all n. Intuitively, ∂vnES(X
v,r,j(i))|v=q is the marginal contri-
bution, in the direction of Xn(i, j), of the FRTB ES for the portfolio risk profile consisting
qX(i, j) and all X(i, `) whose liquidity horizon LH` appears before LHj in the permutation
r.
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Lemma 3.7. For 1 ≤ n ≤ N , 1 ≤ i ≤ 6, 1 ≤ j ≤ 5, and 1 ≤ r ≤ 5!,
CAS(r,Xn(i, j)) = η(r, i, j)
∂
∂vn
ES
(
Xv(i, j)
)∣∣∣
v=1
, (17)
where
η(r, i, j) =
√∑
1≤s≤L−1(r,j) ES
(
X(i,L(r, s)))2 −√∑1≤s<L−1(r,j) ES(X(i,L(r, s)))2
ES
(
X(i, j)
) . (18)
When the distribution of X(i, j) satisfies [12, Assumption (S)], then the derivative on the
right-hand side of (17) can be replaced by SE
(
Xn(i, j) |X(i, j)
)
in (14).
Similar to the Euler allocation under FRTB ES, the Constrained Aumann-Shapley alloca-
tion is also a weighted version of the standard Euler allocation. The scaling factor η(r, i, j)
is the ratio between the X(i, j) induced incremental FRTB ES in the permutation r and the
stand-alone ES of X(i, j).
After averaging over all permutations, we introduce the following allocation to the IMCC
capital charge.
Definition 3.8 (CAS allocation of IMCC). For 1 ≤ n ≤ N , 1 ≤ i ≤ 6, 1 ≤ j ≤ 5,
IMCCC(Xn(i, j) |X(i)) := 0.5 ES
R,S(X(i))
ESR,C(X(i))
1
5!
5!∑
r=1
CASF,C(r,Xn(i, j)),
where CASF,C is the Constrained Aumann-Shapley allocation of FRTB ESF,C. We call
IMCCC(Xn(i, j) |X(i)) the Constrainted Aumann-Shapley allocation of IMCC.
Proposition 3.9. The CAS allocation of IMCC is a full allocation, i.e.∑
n
IMCCC(Xn |X) =
∑
n,i,j
IMCCC
(
Xn(i, j) |X(i)
)
= IMCC(X).
If the expected shortfall for Xv(i, j) is floored at zero as in Remark 2.2, the CAS allocation
can be adjusted similarly to Remark 3.5. The adjusted CAS allocation is still a full allocation.
Remark 3.10. An important concept for capital allocation is the additivity property. Consider
a subportfolio Y in X, where Y is aggregated from risk profiles {Ym}1≤m≤M . We want to
know whether the allocation to the portfolio Y equals to the sum of allocations to all {Ym},
i.e. whether ρ (Y |X) = ∑m ρ (Ym|X) is true. The answer to this question is positive for both
Euler and CAS allocations. This is due to the fact that both of them are scaled versions of
the Euler allocation for the regular ES, which is additive itself.
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3.3. The second step allocation. After the first step of both allocation methods, capital
is allocated to each liquidity horizon adjusted loss Xn(i, j). For the unconstrained part
i = 6, we consider Xn(6, j) =
∑5
i=1Xn(i, j) and use the standard Euler allocation to allocate
unconstrained allocation to each Xn(i, j) and denote it by IMCC(Xn(i, j) |X(6)).
Now for each 1 ≤ i ≤ 6, since Xn(i, j) is aggregated from 10 days loss X˜n(i, k) with k ≥ j,
it seems natural to extract capital associated to each X˜(i, k) from the capital allocated to
X(i, j). Recall from (1). We can consider Xn(i, j) as a portfolio of
√
LHj−LHj−1
10
X˜n(i, k) with
k ≥ j. Hence we use the Euler method to allocate capital from Xn(i, j) further down to each√
LHj−LHj−1
10
X˜n(i, k). We denote the resulting allocations by
IMCC
(√
LHj − LHj−1
10
X˜n(i, k)
∣∣∣∣Xn(i, j)
)
, k ≥ j.
Now using the additivity property in Remark 3.10, we can sum all capital from Xn(i, j) with
j ≤ k to get the contribution of X˜n(i, k) as
IMCC
(
X˜n(i, k)|X(i)
)
=
∑
j≤k
IMCC
(√
LHj − LHj−1
10
X˜n(i, k)
∣∣∣∣Xn(i, j)
)
. (19)
Combining constrained and unconstrained allocations, the allocation for X˜n(i, j), with 1 ≤
n ≤ N , 1 ≤ i ≤ 5 and 1 ≤ j ≤ 5, is given by
IMCCTotal
(
X˜n(i, k)|X(i)
)
:= IMCC
(
X˜n(i, k)|X(i)
)
+ IMCC
(
X˜n(i, k)|X(6)
)
. (20)
3.4. Extensions. In the previous two sections, Euler and CAS allocations of IMCC are
applied to the FRTB ES for the Full Current set, and the stress scaling factor ES
R,S(X(i))
ESR,C(X(i))
is
treated as a constant for each RFi. In other words, the Xn(i, j) induced risk contribution
is considered for ESF,C, but not for ESR,S and ESR,C. In this section, we will consider the
impact of Xn(i, j) on the stress scaling factors. The second step of allocation is the same as
in Section 3.3.
Definition 3.11 (Euler allocation of IMCC with scaling adjustment). For 1 ≤ n ≤ N ,
1 ≤ i ≤ 6, 1 ≤ j ≤ 5, let
IMCCE,S
(
Xn(i, j) |X(i)
)
:= 0.5
∂
∂vn
[ESR,S(Xv,j(i))
ESR,C
(
Xv,j(i)
)ESF,C(Xv,j(i))]∣∣∣
v=1
.
Taking differentiations to each expected shortfalls, we obtain
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Proposition 3.12. For 1 ≤ n ≤ N , 1 ≤ i ≤ 6, 1 ≤ j ≤ 5,
IMCCE,S
(
Xn(i, j) |X(i)
)
= 0.5
[ESR,S(X(i))
ESR,C(X(i))
ESF,C
(
Xn(i, j) |X(i)
)
+
ESF,C(X(i))
ESR,C(X(i))
ESR,S
(
Xn(i, j) |X(i)
)
−ES
R,S(X(i))ESF,C(X(i))
ESR,C(X(i))2
ESR,C
(
Xn(i, j) |X(i)
)]
.
(21)
The previous expression for IMCCE,S motivates us to define the following CAS allocation
with scaling adjustment.
Definition 3.13. For 1 ≤ n ≤ N , 1 ≤ i ≤ 6, 1 ≤ j ≤ 5, let
IMCCC,S
(
Xn(i, j) |X(i)
)
:=
0.5
5!
5!∑
r=1
[ESR,S(X(i))
ESR,C(X(i))
CASF,C
(
r,Xn(i, j)
)
+
ESF,C(X(i))
ESR,C(X(i))
CASR,S
(
r,Xn(i, j)
)
−ES
R,S(X(i))ESF,C(X(i))
ESR,C(X(i))2
CASR,C
(
r,Xn(i, j)
)]
.
Proposition 3.14. Both Euler and CAS allocations of IMCC with scaling adjustment are
full allocations and satisfy the additivity property.
4. Simulation Analysis
4.1. Positive correlations. This simulation exercise illustrates the difference of allocations
among different RFs and LHs. We assume that there is only one risk position, and all X˜(i, j)
have identical normal distributions with zero mean and 30% annual volatility. We consider
the following four scenarios of correlation structures:
(i) Independence: all X˜(i, j) are mutually independent;
(ii) Uniform positive correlation: each pair of X˜(i, j) and X˜(k, l) have correlation 0.99;
(iii) Positive correlation among RFs and zero correlation among LHs: corr(X˜(i, j), X˜(k, j)) =
0.99 and corr(X˜(i, j), X˜(i, k)) = 0 for any i 6= k;
(iv) Positive correlation among LHs and zero correlation among RFs: corr(X˜(i, j), X˜(k, j)) =
0 and corr(X˜(i, j), X˜(i, k)) = 0.99 for any i 6= k.
This exercise assumes extreme correlations among different RFs and LHs to highlight their
impact to FRTB allocations. When correlations are moderate, similar patterns appear but
are less pronounced.
We simulate 250 times independent 10 day-loss. In each day, different correlation structures
are specified as in above. The stress period scalings are assumed to be 1 for all RFs. First,
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we compare the IMCC and the 97.5% ES of net loss distribution without distinguishing RFs
and LHs in the following table. We call this 97.5% ES regular ES in what follows. Besides,
the comparisons below should not be understood as the QIS-style exercise, as the RWA under
the current Basel 2.5/3 practices are based on the VaR metric. The example here aims to
show the capital impact from the FRTB IMA by only considering the RF and LH constraints,
and the regular ES is considered for the benchmark purpose.
Scenario IMCC Regular ES
(i) Independent 12.48 3.28
(ii) Uniform Positive Corr 28.57 16.70
(iii) Positive-RF-Corr 18.28 7.81
(iv) Positive-LH-Corr 21.00 7.59
Table 1. FRTB IMCC v.s. Regular ES
We can see from Table 1 that the IMCC values are between 1.7 and 3.8 times of the regular
ES. Moreover, comparing scenarios (iii) and (iv), we see that positive correlations between
different LHs increase IMCCs more than positive correlations between different RFs. This
is due to the FRTB LH scaling rule in Equation (1).
Figure 1 illustrates the Euler allocation of FRTB ES, the CAS allocation of FRTB ES, and
the Euler allocation of regular ES. It reports allocations to different X˜(i, j), after combining
the constrained and unconstrained allocations (see Equation (20)).
Figure 1 shows that both FRTB allocation methods typically allocate more capital to
risk factors with longer liquidity horizons. This feature is due to the facts that 1) longer
liquidity horizon has bigger scalings (see Equation (1)); and 2) longer liquidity horizon has
more allocation contributions from shorter liquidity horizon allocations (see Equation (19)).
On the other hand, due to allocations from unconstrained part, when there is no strong
positive correlation among risk factor categories, allocations to each liquidity horizon vary
within the same risk factor category. However, the regular ES Euler allocation does not show
a consistent pattern. This is because losses are aggregated without distinguishing different
RFs and LHs.
The upper-left panel of Figure 1 shows that the Euler allocations of regular ES present
large variations and negative allocations even when there are no negative correlations. These
features are due to the instability of the Euler allocation for regular ES or VaR, which has
been documented in [14]. The kernel smoothing technique (see [3]) can improve stability
of the Euler allocation. Figure 2 presents the allocation results when the kernel smoothing
technique is applied to each allocation method. Comparing Figures 1 and 2, we can see that
the kernel smoothing technique significantly improves the stability for the Euler allocation
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Figure 1. Euler allocation of FRTB ES (Euler FRTB ES), CAS allocation
of FRTB ES (CAS FRTB ES), and Euler allocation of Regular ES (Euler Reg
ES). Upper-left panel: scenario (i); Upper-right panel: scenario (ii); Bottom-
left panel: scenario (iii); Bottom-right panel: scenario (iv). Each panel presents
the percentage of allocation to different X˜(i, j). The total capital charges are
reported in Table 1.
for the regular ES, but it is less effective on FRTB allocations. Negative allocations do not
appear under both the FRTB allocations in this exercise, neither much difference between
them is observed.
4.2. Hedging. In the second simulation exercise, we analyse three scenarios of hedging
relations: hedging between 2 RFs (e.g. the hedging portfolio for CoCo bonds); hedging
between 2 LHs (e.g. hedging between 3 paris of FX rates with different LHs, say CNY-
GBP, USD-GBP, CNY-USD); and hedging between two risk positions in the same bucket.
To study the impact of hedging between liquidity horizon adjusted risk profiles, we view
different buckets as different risk positions. In this way, Xn(i, j) =
√
LHj−LHj−1
10
X˜n(i, j), and
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Figure 2. Kernel smoothed allocations
the correlations between different X˜n(i, j) are the same as the correlations between different
Xn(i, j). This allows us to focus on the impact of FRTB rules on allocations with hedging.
We consider the following three correlation structures:
(i) Strong hedging between EQ and IR: corr(X˜(3, j), X˜(5, j)) = −0.99 for any j and zero
correlation between all other pairs;
(ii) Strong hedging between LH1 and LH2: corr(X˜(i, 1), X˜(i, 2)) = −0.99 for all i and
zero correlation between all other pairs;
(iii) Strong hedging between 2 risk positions within the same bucket: corr(X˜1(i, j), X˜2(i, j)) =
−0.99 for all i, j, and zero correlation between all other pairs.
Intuition obtained in these three cases remains to be true when correlations are less extreme.
The simulation settings remain the same as in the previous exercise. The IMCC and regular
ES are reported in Table 2 below. We can see from Table 2 that the IMCC is between 2.5
to 3.6 times to the regular ES. On the other hand, because FRTB restricts hedging among
different buckets, the ratios between IMCC and ES in scenario (i) and (ii) are much larger
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than the ratio in scenario (iii), where hedging within the same bucket is not restricted by
FRTB.
Scenario IMCC Regular ES
(i) RF Hedging 7.90 2.17
(ii) LH Hedging 8.43 2.55
(iii) Position Hedging 0.84 0.33
Table 2. FRTB IMCC v.s. Regular ES
Figure 3. Allocations of IMCC and regular ES for portfolios with hedging
components. Left panel: hedging structure (i); Middle panel: hedging struc-
ture (ii); Right panel: hedging structure (iii). Each panel presents the percent-
age of allocation to different X˜(i, j). The total capital charges are reported in
Table 2.
Figure 3 illustrates different allocations of IMCC and regular ES. The left and middle
panels show that, even though there are negative correlations between different risk factor
or liquidity horizon buckets, the Euler and CAS allocations of IMCC are all positive. This
confirms our analysis in Example 3.6.
When hedging appears in the same bucket, the right panel in Figure 3 shows that there
could be negative allocations for both Euler and CAS allocations of IMCC. But their magni-
tudes are smaller than the Euler allocations of the regular ES. In the Euler allocation of the
regular ES, one scenario extraction is applied to each loss simulation of 250 days. However, in
both Euler and CAS allocations of IMCC, one scenario extraction is applied to each bucket.
Therefore, there are in total 30 = 6× 5 scenario extractions applied to each loss simulation
of 250 days. Then the final allocation of a risk position is a weighted sum of 30 scenario
extraction results. Hence the FRTB allocations produce much more stable results comparing
to regular ES allocations.
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In order to further analyse negativity and stability of different allocations, we extend the
hedging scenario (iii) from 2 risk positions to 20 risk positions, with each pair of risk positions
following the hedging scenario (iii). We apply different allocation methods to allocate capital
to each risk position and each bucket. Figure 4 illustrates histograms and kernel densities of
these allocations for each allocation method. Even without aggregation from different risk
factor and liquidity horizon classes, Figure 4 shows that the Euler and CAS allocations of
IMCC still produce tighter histograms comparing to the case for the Euler allocation of the
regular ES. Comparing the Euler and CAS allocations, we observe that the CAS allocation
produces slightly more stable results with less extreme allocations. This is due to the fact
that the CAS allocation is an averages of 5! permutations (see Definition 3.8) which further
improve the stability of allocations. However, the CAS FRTB allocation requires 5! times
more computation than the Euler FRTB allocation.
Figure 4. Histograms and kernel densities for FRTB allocations and regular
ES allocation. Extreme allocations: i) Euler FRTB ES: left end, -5.50%; right
end: 6.32%; ii) CAS FRTB ES: left end, -4.69%; right end: 5.39%; iii) Euler
Regular ES: left end, -11.19%; right end: 11.83%.
4.3. Allocations with scaling adjustment. In the third simulation exercise, we illustrate
the impact of the choice of reduced sets on the IMCC allocations with scaling adjustment
introduced in Section 3.4. Consider the situation where the reduced factor set is chosen so
that all Xn(i, j) have similar distributions in the stressed period and the current period,
then ESR,S(X(i)) is similar to ESR,C(X(i)), and the allocations ESR,S
(
Xn(i, j) |X(i)
)
and
ESR,C
(
Xn(i, j) |X(i)
)
are similar as well. Therefore, the second and the third terms on the
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right-hand side of (21) are similar, so
IMCCE,S
(
Xn(i, j) |X(i)
) ≈ 0.5 ESR,S(X(i))
ESR,C
(
X(i)
)ESF,C(Xn(i, j) |X(i)). (22)
This allocation will be significantly different from the case where risk factors have distinct
distributions in the stress period and the current period.
We follow the convention of the previous exercise where different buckets are treated as
different risk positions. We consider a portfolio with two risk positions. During the current
period, all X˜n(i, j) are independent and have the same distribution. During the stress period,
the correlations between any pairs of X˜n(i, j) become 0.7. The standard deviations of X˜1(3, 3)
and X˜2(1, 4) during the stress period become 9 times of the standard deviations during the
current period. Distributions of all other X˜n(i, j) in the stress period are assumed to be the
same as in the current period.
We consider two reduced sets:
Set A: All risk factors except 60-days EQ and 120-days CM;
Set B: All risk factors except 40-days EQ and 60-days CM.
The reduced set B excludes risk factors which have more risky distributions in the stress
period. But the reduced set A includes them. Table 3 shows that both reduced sets satisfy
the requirement that ESR,C(X(i)) ≥ 75%ESF,C(X(i)) for all i.
CM CR EQ FX IR Unconstrained
Set A 80% 100% 97% 100% 100% 95%
Set B 97% 100% 94% 100% 100% 98%
Table 3. Ratios between ES using the reduced set and the full set.
Table 4 shows the differences of allocations with/without stress scaling adjustments. On
Set A, where volatilities are different between the stress and current periods, the allocation
with stress scaling adjustment generates higher risk contributions. However, on Set B where
the volatilities are equal between two periods, there is no significant difference between
allocations with/without stress scaling adjustments. Moreover the total IMCC is much higher
using Set A than Set B. This indicates that imposing only the requirement of ESR,C(X(i)) >
75%ESF,C(X(i)) leaves considerable freedom for the choice of reduced sets. And such a
choice significantly impacts the IMCC and its allocations. The allocation with stress scaling
adjustment could effectively allocate more capital to risk factors with more risky distributions
during stress periods.
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Set A Set A Set B Set B
(Adjustment) (Without adj) (Adjustment) (Without adj)
CM.60 days.Position 2 4.00% 2.24% 1.43% 1.43%
EQ.40 days.Position 1 5.04% 3.26% 2.11% 2.11%
Table 4. Percentages of allocations with and without stress-scaling adjust-
ment using different reduced factor sets. Columns labeled adjustment report
allocations using (21), columns labeled without adj report allocation using
(15). The total IMCC are the same in both methods: IMCC(Set A)=11.55;
IMCC(Set B)=3.14.
5. Conclusion
We formulate the IMCC for the FRTB IMA in a mathematical framework, incorporating
risk factor and liquidity horizon bucketing, liquidity horizon adjustment, and stress period
scaling. We introduce two computationally efficient allocation methods for the FRTB IMCC.
Simulation shows that both methods allocates more capital to risk factors with longer liquid-
ity horizon, and produce more stable and less negative allocations than allocations under the
current regulation framework. We also find that the IMCC and its allocations are sensitive
to the choice of reduced set of risk factors for the stress period scaling.
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Appendix A. Proofs
A.1. Proof of Lemma 2.4. The expected shortfall is positive homogeneous, then ES(aX(i, j)) =
aES(X(i, j)). All operations in (3), (5), and (6) are positive homogeneous. Hence the state-
ment in (i) holds.
For (ii), recall that the expected shortfall is sub-additive, i.e.,
ES((X + Y )(i, j)) ≤ ES(X(i, j)) + ES(Y (i, j)).
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When ES((X + Y )(i, j)) ≥ 0 for all j, then
ES((X + Y )(i)) =
√√√√ 5∑
j=1
ES((X + Y )(i, j))2 ≤
√√√√ 5∑
j=1
[
ES(X(i, j)) + ES(Y (i, j))
]2
≤
√√√√ 5∑
j=1
ES(X(i, j))2 +
√√√√ 5∑
j=1
ES(Y (i, j))2 = ES(X(i)) + ES(Y (i)),
where the second inequality follows from the Minkowski inequality.
For (iii), it follows from the sub-additivity for ESF,C that
ESF,C((X + Y )(i)) ≤ ESF,C(X(i)) + ESF,C(Y (i)).
Then, when (8) is satisfied, we have
IMCC((X + Y )(i)) =ESF,C((X + Y )(i))
ESR,S((X + Y )(i))
ESR,C((X + Y )(i))
≤ES
R,S((X + Y )(i))
ESR,C((X + Y )(i))
[
ESF,C(X(i)) + ESF,C(Y (i))
]
≤ES
R,S(X(i))
ESR,C(X(i))
ESF,C(X(i)) +
ESR,S(Y (i))
ESR,C(Y (i))
ESF,C(Y (i))
=IMCC(X(i)) + IMCC(Y (i)).

A.2. Proof of Lemma 3.2. Consider fixed n, i, j in Lemma 3.2. Recall definitions of the
FRTB ES in (3) and Xv,j(i) in (11). Using the chain rule to take the derivative with repsect
to vn as in (12), we obtain
∂
∂vn
ES(Xv,j(i)) =
∂
∂vn
√∑
k 6=j
ES(X(i, k))2 + ES
[∑
m6=n
vmXm(i, j) + vnXn(i, j)
]2
=
2ES
[∑
m 6=n vmXm(i, j) + vnXn(i, j)
]
∂
∂vn
ES
[∑
m6=n vmXm(i, j) + vnXn(i, j)
]
2
√∑
k 6=j ES(X(i, k))
2 + ES
[∑
m 6=n vmXm(i, j) + vnXn(i, j)
]2
=
ES(Xv(i, j))
ES(Xv,j(i))
∂
∂vn
ES(Xv(i, j)),
where Xv(i, j) is defined as in Lemma 3.2. Then the proof is concluded by assigning all
vn = 1. 
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A.3. Proof of Proposition 3.4. Since the FRTB ES, defined in (3), is a risk measure
homogeneous of degree 1. It then follows from Euler’s theorem on homogeneous functions
(see [13, Theorem A.1]) that the Euler allocation on FRTB ES is a full allocation, i.e.,∑
n,j
ESF,C
(
Xn(i, j) |X(i)
)
= ESF,C(X(i)).
This identity, combined with (5) and (6), yields
∑
n,i,j
IMCC
(
Xn(i, j) |X(i)
)
=0.5
6∑
i=1
ESR,S(X(i))
ESR,C(X(i))
(∑
n,j
ESF,C
(
Xn(i, j) |X(i)
))
=0.5
6∑
i=1
ESR,S(X(i))
ESR,C(X(i))
ESF,C(X(i)) = IMCC(X).

A.4. Proof of Lemma 3.7. When LHj is in the first column of the permutation r, i.e.,
L−1(r, j) = 1, the row Xv,r,j(i) has only one nonzero entry ∑n vnXn(i, j) at the j-th column.
Then
ES
(
Xv,r,j(i)
)
=
∣∣ES(∑
n
vnXn(i, j)
)∣∣.
Since the expected shortfall is homogeneous of degree 1, then
∂vnES
(
Xv,r,j(i)
)∣∣∣
v=q
=sgn
(
ES(qX(i, j))
)
∂vnES
(∑
n
vnXn(i, j)
)∣∣∣
v=q
=sgn
(
ES(X(i, j))
)
∂vnES
(∑
n
vnXn(i, j)
)∣∣∣
v=1
.
As a result,
CAS(r,Xn(i, j)) =
∫ 1
0
∂vnES
(
Xv,r,j(i)
)∣∣
v=q
dq =
∫ 1
0
∂vnES
(
Xv(i, j)
)∣∣
v=1
dq
= ∂vnES
(
Xv(i, j)
)∣∣
v=1
.
Note that η(r, i, j) = sgn
(
ES(qX(i, j))
)
in this case. Therefore the previous expression of
CAS(r,Xn(i, j)) agrees with (17).
When LHj is not in the first column, i.e., L−1(r, j) > 1,
ES
(
Xv,r,j(i)
)
=
√
ES
(∑
n
vnXn(i, j)
)2
+
∑
1≤s<L−1(r,j)
ES
(
X(i,L(r, s)))2.
Denote
ES
(
Xq,r,j(i)
)
=
√
ES
(
qX(i, j)
)2
+
∑
1≤s<L−1(r,j)
ES
(
X(i,L(r, s)))2.
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It follows from the homogeneous property of the expected shortfall that
∂vnES
(
Xv,r,j(i)
)∣∣∣
v=q
=
ES
(
qX(i, j)
)
∂vnES
(∑
n vnXn(i, j)
)∣∣
v=q
ES
(
Xq,r,j(i)
)
=
qES
(
X(i, j)
)
∂vnES
(∑
n vnXn(i, j)
)∣∣
v=1
ES
(
Xq,r,j(i)
) .
Integrating the derivative with respect to q, we obtain∫ 1
0
∂vnES
(
Xv,r,j(i)
)∣∣∣
v=q
dq = ∂vnES
(
Xv(i, j)
)∣∣
v=1
∫ 1
0
qES
(
X(i, j)
)
ES
(
Xq,r,j(i)
)dq
=
∂vnES
(
Xv,r,j(i)
)∣∣∣
v=1
ES
(
X(i, j)
) ∫ 1
0
qES
(
X(i, j)
)2
ES
(
Xq,r,j(i)
) dq = ∂vnES
(
Xv,r,j(i)
)∣∣∣
v=1
2 ES
(
X(i, j)
) ∫ 1
0
d
(
q2ES
(
X(i, j)
)2)
ES
(
Xq,r,j(i)
) dq
= η(r, i, j) ∂vnES
(
Xv,r,j(i)
)∣∣∣
v=1
.

A.5. Proof of Proposition 3.9. From Lemma 3.7 and the fact that the standard Euler
allocation is a full allocation, we have∑
n
CAS(r,Xn(i, j)) = η(r, i, j)
∑
n
∂vnES
(
Xv(i, j)
)∣∣
v=1
= η(r, i, j)ES
(
X(i, j)
)
=
√ ∑
1≤s≤L−1(r,j)
ES
(
X(i,L(r, s)))2 −√ ∑
1≤s<L−1(r,j)
ES
(
X(i,L(r, s)))2.
Therefore ∑
n,j
CAS(r,Xn(i, j)) = ES(X(i)).
The rest proof is similar to the proof of Proposition 3.4. 
A.6. Proof of Proposition 3.12. Recall Xv,j(i) in (11). The right-hand side of Definition
3.11 then yields
0.5
∂
∂vn
[ESR,S(Xv,j(i))
ESR,C
(
Xv,j(i)
)ESF,C(Xv,j(i))]∣∣∣
v=1
= 0.5
[ESR,S(Xv,j(i))
ESR,C(Xv,j(i))
∂
∂vn
ESF,C(Xv,j(i))
+
ESF,C(Xv,j(i))
ESR,C(Xv,j(i))
∂
∂vn
ESR,S(Xv,j(i))
−ES
R,S(Xv,j(i))ESF,C(Xv,j(i))
ESR,C(Xv,j(i))2
∂
∂vn
ESR,C(Xv,j(i))
]∣∣∣
v=1
.
Noticing that
ES(Xv,j(i))
∣∣
v=1
= ES(X(i)),
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and from (12) that
∂
∂vn
ES(Xv,j(i))
∣∣
v=1
= ES(Xn(i, j)|X(i));
substituting these identities into the equation above, we verify the statement. 
A.7. Proof of Proposition 3.14. Recall that∑
n,j
ES
(
Xn(i, j) |X(i)
)
= ES
(
X(i)
)
.
Then applying the previous identity to the Euler allocation for ESF,C,ESR,S, and ESR,C,
respectively, we obtain∑
n,j
IMCCE,S
(
Xn(i, j) |X(i)
)
= 0.5
[ESR,S(X(i))
ESR,C(X(i))
ESF,C
(
X(i)
)
+
ESF,C(X(i))
ESR,C(X(i))
ESR,S
(
X(i)
)
−ES
R,S(X(i))ESF,C(X(i))
ESR,C(X(i))2
ESR,C
(
X(i)
)]
= 0.5
ESR,S(X(i))
ESR,C(X(i))
ESF,C
(
X(i)
)
= IMCC
(
X(i)
)
.
The proof for IMCCC,S is similar. 
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